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When the contribution of lightweight components to the total energy of 4 systém s small, the
inertin effects are sometimes ignored by replacing them to massless Tinks. For example, 4
revolute-spherical mussless Hink generates two Kinematic constraint equationy between adjacent
bodies and allows four relative degrees of freédom. Tn this paper, to implement a massless link
systermatically 10 @ computer program using the velocity transformation technigue, the velocity
transtormation matrix of massless links is-derived and nomerically implemented, The velocity
travisformation matrix for a revolute-spherical massless link and @ revolute-universal massless
link are appeared ay a 64 mateix and a 63 matrix, respectively. A massless link model ina
suspension composite joint transmitting external Torees is also developed and the wumerical
efficiency of the proposed model s compared to-a conventional multibody model. For o massless
Hink transmitting external forces, Torces acting on links are resolved and transmitted 1w the
aftached points with a quasi-static assumption Numerical examples arg presented to verify the
formulation.
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In a multi-body dynamic analysis, the sgua-

1. Tntroduction

With the help of high performance of compu-
ters, multi~body dynamic analysis technique has
beconie oné of the most effective tools in the
machine and automeobile industries. Several com-
mercial programs such a8 DADS dnd ADAMS,
which are available in the computer-aided an-
alysis for multi-body systems, have been deve-
loped and widely used. (CADSI, 1995 M. D1,
1994
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tions of the motion are derived based oo masses of
components, Kinematic. constraints, and Toree
glements such as springs,dampers and actuators.

Among the major components i a-system,. the

mass of one component may be comparatively
smitler than others. When 4 large force is applied
to the small mass component, the squations of
motion of the overall system may be ill-con-
ditioned and thus the numerical efficiensy of the
computer simulation is seriously decredsed. To
overcome this numerical inefficiency, many res-
garchers have used composite joints to madel a
simall mass component, [Haug, 1989 Nikravesh,
1988) To improve the numericdl efficiency in
vehicle dynamic analysis, Kading and Vander-
ploeg (1985) derived a solid uxle suspension super-
element to apply to the Tront.and rear suspension
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in a vehicle dynamic analysis. MeCuallough and
Haug({1986) derived the suspension -of a track
vehicle from a composite joint and carried out the
dynamic analysis,

In these modeling techniqies, small mass com-
ponents are replaced to massless Tinks and equiv-
alent  kimernatic constraints. However, these
modeling technigques could not handle a massless
link transmitting force elements, which often ap-
pear in the lower control arm of a McPherson or
a Double-Wishbone suspension:

In this paper, to mplement a. massless hink
CONCEPL In # Complter program using the veloeity
transformation technigue, the velocity wansfors
mdtion matrix of 4 massless bink is-derved and
numerically implemented. And 4 new modeling
technigue for a massless link transmitting external
forces 18 suggested. The computer program Au-
toDyn7 {(Kim et-al, 1999) used in this paper
emiploys the veloeity transformation technique
{Nikravesh, Gim, 1993; Kim, Vanderploeg, 1986;
Lee et 4l 1993}, The- kinematic relation and
constraint equations of a massless link in Car
tesian coordinates are well explained in refer-
ences. (Hang, 1989, Nikravesh, 1988) Although
the kinematic relation of a massless link can be
treated as constraint -equations in the equation
of motion using velocity transformation tech-
nique; ‘the denvation ol velocity transformation
matrix of a magsless link may be systematic and
much convenient. The efficiency of the proposed
method 1§ confirmed through several simulations,
four-bar mechanism and the vehicle.

Insection 2, the velocity transtormation pratrix
of massless links ds derived and numerically
implemented 1 the AutoDyn7 progran In see-
tion 3, the massless link with external force
elements is considered. Numerical examples are
stuggested in section. 4. The efficiency of the
proposed model 18 compared W oa rigid body
maodel with mass effect. The conclusions of this
paper are presénted in section S.

2. Derivation of Velocity Trans-
formation Matrix of Muassless Links

2.1 Equations of Motion Using Velocity
Transformation Techniques

The velocity transformation method s pro-
posed 16 obtain the gemerality of Cartesiun
coordinates and the numerical efficiency in joint
coordinates. This method employs @ graph theory
to anulyze the topology of asystem. As a result of
topology analysis, & tree structure and a path
matrix of the system. are made o show the
connectivity of bodies from the base body to the
end body. The connectivity is defined from the
types of joints between the bodies, The velocity
transformation matrix of a system can be formed
by putting Block mawix 1o proper position. ac-
cording to the path matrix. This block matrix
tmposes velotity contribution of each joint to the
velocity of gach body. When the velocity frans-
formation matrix s formed, the eguations of
motion can be converted from Cartesian. coor-
This

method confirms both the numerical efficiency

dinate space to joint coordinate space.

and the generality of equations of motien.
Let's consider the constraint egquations in joint
coordinates as followings:

Dlg, t)=0 ()

where. @ 15 the vector of joint coordinates.
The time derivative of Eqg. (1) s writien as:

And the time derivative of Eq. (2) s written as:

7= { @) o+ 2Pa+ P | (4)

where @ means the Jacobian mutix of the cons
straint eguations. Using the velovity transfor-
mation matrix and Lagrange multiplier A, the
equations of motion are written as:

Mg+ P, A=g (5
where M=BMB is the generalized mass matrix,
D=, gives an easy calculation of Jacobian
matrix i joint coordinates, =0 g MBg~—
MBda| is the generalized force vector. By conr

£
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bining Eq. (3) and EBqg. (5), the equations of
motion are written in the matrix form as:

R H I

2.2 Velocity Transformation Matrix of
RSML
Fig. 1 shows the configuration of 4 revolute-

spherical massless ok, In Fig. 1, K and § repre-
sent the revolute joint definition point and the
spherical joint definition points, respectively. The
massless link is connected to the reference body 7
with a revolite joint and to the adjacent body 7
with a spherical joint. Figure 2 shows the coordi-

nite system of a revolute-spherical massless Tink.

Fig. 1 Configuration of a RSML

¢ ¢
e

S
Fig. 2 Coordinate system of 4 RSML

Copyright (C) 2003 NuriMedia Co., Ltd.

In Fig. 2, &g coordinate system s coordinate

systeny fixed at the revolute joint of the reference

body 7 and the { axis represents the rotationsl
¥ g

wxig of the revolute joint. The &9’ coordinate
§ystem 1% a coordinate system rotated from the

En coordinate about § axis,

The vector 47 connecting between point R and
point S represents o massless link of length -/,
which is defined at the &9’ coordinate systenm.
The position vector to the origin of the local

courdinate system of body 7 can be written as:
peery g d s (7

where 1 and r; are a vector from the inerfial
reference frame to the origin of the body 7 and
body 7, respectively. 8; is 4 vector from the origin
of the body J 1o the revolute joint definition
point and $; i a vector from the origin of the
body 7 to the spherical joint definition point,
The vector d is dehined from the revolute joint
definition point (R) of body j to the spherical

joint definition poiat (5) of body 7, which may

not be perpendicular 1o the revolute joint axis,
These vectors are defined in the inertial reférence
frame (X ¥Z).

Vector o7 can be defined from the initial joint
definition point of nput data as follows:

d()ﬁ:AmAﬁmeé” f?‘;)

where -dp is the initial position vector from the
revoltte joint definition point of body J to the
spherical joint definition point of body 1. The
matrix Agp is o coordinaté transformation matrix
from the local covrdinate system of body j to the
global coordinate system at initial state. The
wratrin Ay 15 a coordinate transformation matrix
from the revolute joint coordinate system of body
7 1o the local coordinate system of body J at the
imitial state, which is a constant matix.-The
matrin Ay, 154 rotation mamix due to the revolute

joint rotation.

Considering the totation-of the revolute joint is
zero ut the initial state, H=0, the vector d” is
catenlated Trom Eqg. (8) as followings:

47 ={ A Tdo {9

The vector d can be caleulated from d7 as

followings:
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d=A;A A ad” (10)

The translational velocity vector at the origin
of the local coordinate system of body may be
written as:

P18 Hd s (11)
where (") represents the time derivative. The

velocity vector-d of RSML is calculated as:
(i = c&,d 4 A.jA mA iy f}”
m&;&%MA,Aw@uiAmd"
= (E)j(} + glﬁld

(12)

where @y is the angular veloeity vector of body
7 The skew-symimetric matrix @y i§ defined as
@a=ew;Xa. The vectors wi and ‘uy represent
unit vectors along the revolute joint axes in
&' coordinate system and the inertial reference
frame (XYZ), respectively.

The terms &; and & in Bq (11 are also
calculated as:

8= @ {8 {13)
By == 8, 8y {14)

The angular velocity of the body , 15 written as:

@y B+ dsug+ Hsus+ G {15)

where #; means the angular velocity of the
revolute joint. And 8y, @y and &, represent the
angular velocity of the spherical joint, respective-
ly. The vector us, ws, and Uy represent unit vectors
along the joint axes of the spherical joint, respec-
tively.

Inserting Eqgs. (12~15) into Bg. (11) vields:

o=tk @y et d -8+ 0 (d -+ 8a)

L o . (16}
+ & (Ut Bany+ Hany) Lo

Combinitg Bq. (15) and Eq. (16}, the transla-
tional velowity vector and the angular velovity
vector of the body 7 are written in the matrix form

a8
B0 e
o,
[y s g )

where dyg=8;+d—s:and dyy==8s=d. Therefore,
the velocity transformation matrix of RSML s
written as:

: Aoty B Sa
Bi=
- Uy iz s

8y
Uy exa

(g

The time derivative of Bq. [18) is written ag:

: B B: Bs Bu- -
Bw% . ~ . (19)
Wyl @ells WUy  wWally By
where Bm sz, Bis, Bu are ag followings:

Bus=dsurtdoi {20}
Be=8u+8dm, {21)
B8 8050y (22)
B8 8,601 (23)

2.3 Velocity Transformation Matrix of
RUML '

We also derived the velocity transformation
mutrix for revoluté-universal massless link via the
sequence.  The transformation
wmatrix and time-derivatives of RUML are written

same veloeity

as:
ds W Sl S V
By=| " % } (24)
Loy Uz Ug =lBx3
&jm}[ fﬁaz 5312 BH (25)
ATy ety (wslalexs

24  Joint Reaction Forces of massless links

Since the mass of a massless link s ignored,
joint reaction forces and torques can be caloulated
by using the equilibrium equations as shown in
the Fig. 3.

0

Fig. 3 Joint reaction forces and-moments acting on

K-8 link
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3. Massless Link with External
Yorces
31 Force distribution without bushing

When extérnal forces are applied (o & masgsless
link, the reaction forces due to the external forces
cannot be caleulated from’ using a covventional
composite joint. Since the mass of a rassless link
is small enough compared to masses of other
bodies, we assume @ quasi-static state. In the
quasi-static state, the reaction forces due to 3
force element can be divided into equivalent
fordes at attachment points oF the massless link
The coordinate of RSML is shown in the Fig. 4
(&), Tn the Fig. 4{a), L represents the length of a
revolute-spherical mussless link, @ represents the
distance from the revolute joint to the external
force acting point, and p ndicates the distance
between the spherical joint and the external force
acting point. The R.J and 8. represent the
revolute joint and the spherical joint, tespectively.
Fig. 5 {(b) shows all exterral forces and reaction

Rd & S
{! a ! b
X
vl L’
i
{a) R-S massless litk coordinate
Ry Fy Ry
R 2 /l Fz l i%z
~
Y
{b) Force components on y-z plane
X
R £ Fe Ra
IS >
Re Fx Rar
(e} -Fotee components on x-z plane
Taz Tz Thz
> » >»
() Moments along z-uxis
Fig. 4 Forces and moments acting on R-8 link
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forces on y-z pline and forces on %~z plane are
shown in the Fig 5(c). Fig. 5 {dJ shows the
moments along z-axis.

When external forces are applied to 4 re-
vohite-spherical massless link, three directional
forces and two directional moments are found
a§ reaction forces 4t the revolute joint. Three
directional réaction forces ate found at the sphe-
vical joint. Resultant forees can be divided into
the bending direction and the axal divection. In
the Figo 5la), Fv and T represent the vertical
external force and external torque, respectively.
Fu and Fyrépresent the hending direction reac-
tion force at the revolute joint and the spherical

joint, respectively. Tnthe Fig. 5(b), Fy represents

the axial direction external force. Ri and Rg
représent the axial direction reaction force at the
revolute joint and the spherical joint, respectively.

The resultant Torces on x~% plane are calculated

as follows:

A L) 1o dallleead .
N F A IJ*;”’ o 120
i@t g3l L Bala=2L) ., -
F P 3*[‘% F $ + 5 }J,X g K27}
: ‘ 3al2l
il EFZ} ”%“ A
a —qh "\29)

The rvesultant forces on y-z plane can be
caleulated using the same manner as the above.
And also, the moments along z-axis can be
caleulated 1n the same form as the BEq. {29).

Ta Fv
T Fa T
Fa
la) Bending direttion
| a ) b T
| — |

Ra Ra
(h) Axial direction

Fig. 5 R-8 hink reaction force calenlation
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3.2 Force distribution with bushing

In most vehicle suspension systems, bushing
elements are used to improve the ride quality and
steering performance. Regulations for bushing
glements must be considered in modeling the
vehicle suspension system. The joint model, the
linear bushing model, and the von-lingar bushing
model are used 1o deseribe the 1nflueiice of rubber
bush complidinee on vehicle suspension movement
(M. V. Blundell, 1998, The results showed that
the bushing element should be included for an
accurate modeling of the vehicle systems.

It 4 bushing element is contained in a lower
control arm, it works as a compliant ¢lement
adnutting deformation and damping. Since this
hushing element connects adjacent bodies via
forces diie to bushing deformations, the modeling
rechnigue involving the bushing element is quite

different from the purely Kinematic element.

Fig: 6 shows an example using the bushing-
bushing~spherical link with external forces in the
vehicle suspension system.

Let us put the deformations of the point By as
w=x, i )’
[#s v 2] 7. The potential energy

and the deformations of the

peitit By as ]
of the lower control arm in the Fig. 5 may be
written as follows:

where 7

stiffiiess matric of the bushing installed at the

by
frame

Hywisr ordrol &

t S

Fig. ¢ R-5 Link with bushing and external foree

point By and By, respectively.

en though the bushing is deformed, the
lenpth of the lower control arm wust rémdin
constant: Thus, the constraintg of the bushing-
bushing-spherical massless link can be written as
follows:

The minimizing the potential energy theory is
applied to calculate bushing deformations as:

Min Vi)

subject 1o @

Then, the overall equation can be reorganized

" k]
,""»:“mm% Vi -+ g,;;,ng{zgé; 36
where A; is the Lagrange multiplier.

Regction forees at point Pean be distributed to
equivalent forces wid moments at twi ends of line
O-8, which is a perpendicular Tine from 8 to the
line Be-Bein Fig. 5. The equivalent forces and
meoments at point O and point § can be computed
by using the elementary beam theory with appro-
prigte boundary conditions. After ¢omputing the
feaction forces and moments al point O, those are
distributed fo forces and moments at the two
points By, By Forees and momenats along the line
Bi~By can also be calculated by using the beam
theoty with proper bounidary conditions. Detailed
process was described at reforence -(Sohn et al,
2001).

4. Numerical Examples

4.1 Four-bar Mechanism

To coonlirm the new formulation, such as the
velogity transformation myatrix of the revolute
=sphierical massless link and the revolute-univer-
sal massless link with external forees. we modeled
the four-bar mechanism 1 two different wavs
The first model iy the vonventional four=bar and
the second one has the massless link. Fig. 7 shows

assumed rigid bodies. Spherizal joint 15 treated as
a-cut joint of closed loop system.
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S y Cut

(D) ground

(@) crank

(3 coupler
@ foliower

Fig. 7 Conventional four-bar model

S Cut

(1) ground
® coupler
(@ follower

Fig. 8 Four-bar model with & RUML

The velocity transformation matrix in this case
is written as;

2o 0
[B]= f”‘;dﬂ 0 (37)
o [ERu )

Fig. 8 shows the four-bar model with RUML.
The crank is a revolute-universal massless link
and spherical joint is a cut joint.

The velocity transformation matrix in this case
is written as;

'[d;rm Sy s?s&uﬂ o

ty Uz Uy -

0 {uadl}
g 0 12

Table | represents the comparison of two dif-

[B]= (38)

ferent cases.

Fig. 9 and Fig. 10 show the planar motion of
the coupler and angular veloeity of the coupler,
respectively.

Table 1 Comparison of two other models

Rigid body RUML
Coordinates 4 4
Constraints 3 3
[B] Size 1834 124
CPU times 5.63 547
DE
/ TS
: ,,
% 04 ‘
& /
8 o2 e 1L BOAY
£ == - RUML
> A
504 —
42 60 02 04 08 08 10 12
Horizontal Position [m]
Fig. 9 Planar wmotion of the coupler
2
ad 2 ~Rigid body
B e RUML ‘
2 6
]
E -
£ — .
8 / "
§ A i /
e
w‘é =
§ =
o 4 4 i
o 1 2 a 4 5
Time [sec]
Fig. 10 Angular velocity of the coupler

Results of RUML model show good agree-
ments with the rigid body model. The proposed
model usitg the RUML the better
efficiency than the vigid body model.

shows

4.2 Vehicle Simualation

421 Vehicle Modeling
To confirmn the new approach, a numerical
simulation with a full vehicle model is performed.
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Table 2 Properties of the vehicle system
1046ke
Double-Wish bone type

Body frame

Front suspension

Rear suspension Solid axle with leaf spring

Tire Full tire model

Steering system Rack and pinion type

A

Total body number |1

Diegree of freedom 15

Booy
frame

Wheel

Koruckie

v«u-mi’/ S

153 bushing element
R orevolute joint
& 1 ospheaerical joint
Supper control amm

Hlower Gontrob anm
Fig. 11 Front suspension {(Double-Wishbone sus-

pension)

The front suspension of the vehicle shown in the
Fig. 113 a Double~Wishbone type. And @ solid
axle suspension with a leaf spring is installed in
the rear wheels. The tire model used in simulation
caleulates the longitudinal, lateral, and vertical
direction forces and moments, The steering system
is 4 rack and pmion type. Tn the Fig. 12 and Fig
13, rigid means & rigid body model and RSML
represents massless link model. All the models
contain a translatonal spring=damper on the
lower control arm. The propetties of the vehicle
systeny wre listed in-Table 2.

4.2.1
When the vehicle is moving with a speed of

Steering Simulation

§0kmi/hir, a half sine steering input is applied at
13 show yaw rate and lateral acceleration of the
chiassis frame, respectively. Two responses with-

Table 3 Comparison of CPLU times in pulse steer
stmulation (SG1 R10000 Octane workstation)
Rigid REML Rigid RESMIL
Case w/o w/ o w/ W
bushing = bushing | bushing  bushing
Time
. g 4.4 4.3 251.3 10.7
[Sevonds]
63
i 80T SWRROUL Bshing
wesmssen REGRL withiout bushing *
‘‘‘‘‘ - Rigid with bushing
o 027 | o+ RSMLwith bushing
&
=)
[
@
oy
2
R
}n é&
08 Yo
0 1 3 3 4 5
Tirrer Jsec]
Fig. 12 Yaw rate ol chussis frame
4
e R without bushing
5 ees RS KL without bushing
7 |~ Rigid with bushing
‘:‘g i RSML with busshing
w2
8
B
@
’g i
&
L
g
w'f e
o 1 2 g 4 5
Time [sec]
Fig. 13  Lateral acceleration of chassis frame

out bushing are almost identical. Two results with
bushing are somewhat different from results
without bushing due to bushing deformation.
Table 3 shows the computational times of the
four different models at the SGI workstation with
RI0000 chip. As shown in table 3; when there 1§
no bushing, difference is not big between the rigid
body model and a massless link model. However,
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in case bushing is considered, computational
times are quite different. RSML modeling tech-
nique including bushing elements is much more
efficient than the conventional model.

8., Conclusions

In this
matrix of massless links such as a

paper, the velocity transformation
revolute-
spherical massless hik and 4 revolute-universal
massless link, which are useful in vehicle dyna-
mics and modeling of a multibody system are
formulated. In case generating the equations of
motions by using the velocity transformuation
techniques, muassless  lnks can be modeled as
the jointy rather than the constraint equations
through the new approach. Conventional mo-
deling techniques such as a constraint model
didnot handle a massless link transmitting foree
elements, which often appear in the lower control
armi of McPherson or Double-Wishbone suspen-
sion. However, external forces applied on - these
miassless links are resalved and transmitted 1o the
neighboring bodies theoretically in this paper.
The four-bar mechanism dand the full vehitle
system are tested to confirm the formulitions of
masslesy ks, When the mass of 4 body is small
and can be neglected, responses of 'a RSML model
and RUML model are in 4 good agreement with
a rigid body model.

Wher a bushing elemment s attached to a mass-
less: link model, a guasi-static formulation of

bushing “deformation enhances the numerical
efficiency.
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